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ELECTROANALYTICAL INVESTIGATIONS. 1IV.
USE OP ORTHOGOMAL COLLOCATION POR THE SIMULATION OF
QUASIREVERSIBLE ELECTRODE PROCESSES UNDER
POTENTIAL SCAN CONDITIONS

Bernd Speiser®, stanley pons® and anton Rieker®
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Aufder Morgenstelle 18

D-7400 TObingen-1

West Gerwany
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ABSTRACT

The method of orthogonal collocetion is used to discretize
the differential equations describing quasireversible electrode
processes under conditions of potential scanning. The resulting
set of ordinary differential equations is solved to give
numerical simulations. The nusecical values are compared to
literatyre data. A method for optimisation of the dimensionless

parameter ¢ is given,
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INTRODUCTION

The mathematica) description of electrochemical processes at
stationary electrodes yields partial difterential equations of

the type

2
:Tc =D g—:—; - £(9) Y
for each species, where f{c) is determined by the homogeneous
kinetics of the electrochemically produced intermediates and the
substrate and x is a distance coordinate. The initial condition
normally is that the substrate is the only species present in
solution and is homogeneously distributed in the x direction.
The Mﬂ_{x_g_o_rﬁi't_nprﬁ are dictated by the experiment
pecfaormed and by the kind of electcon transfer, i.e. ceversible
or irreversible. 1t has been shown for a variety of boundacy

conditions [1-4] that orthogonal collocation [5,6) provides a

powerful, fast, and easily applied method to simulate kinetic
diffusion problems of this kind. Up to now, however, only
boundary conditions related to reversible electron transfer
reactions have been used.

We now report the theory for application of this

Mathematical method to quasireversible electrode mechanisms:

L ]
L E 4, x,m ¢ 2

8 —e¢ 4 tn

- — -

where the electrode reaction of A to B is described by a standard
potential E*, a standacd rate constant for electron treansfer k.,
the transfer coefficient a and the number n of transterred

electrons. Product B may react in a chesical reaction (3)) with a

homogenwous rate constant k.
INITIAL AND BOUNDARY CONDITIONS

To simulate a reaction scheme (2)-{3) we have to solve
equations of the type (1) for three species A, B and C (assuming

equal diffusion coefficients for each species):
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3‘@ ’ls
7t = D PP flc’ (6

The calculation of Cp i3 not essential to simulate purely
electrochemical respoises for this reaction scheme. However, if
one wishes to do so, this calculation may be included without any
problea.

The initial conditions ace:
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c,:CQ.O (0

™e boundary conditions at san infinite distance from the

electrode are given by
t> 0, ¥eo0:
) L]
Ca— ¢y

Q*%—©° {10

whereas at the electrode

t>0,xs50:
(3 -- (—-"’) an
x %0 In 220
d

holds. Mere (7.8)

A'-I,-up[(ﬁ-l)g*/if (e-°)] (n
and

dyr by wpl-anFAT (E-£9] ae

Introducing Nicholaon's definitions {8,9] for potential scan
conditions (cyclic woltsmmetry)

Qs upnF/RT (€% Ey )] (1sy

s
ems* tct, (16a)
5)t)=
C‘i-z‘{) tctc2t, (160)
and
as :: v nn
T

(vhete Eyyu.e I8 the astarting potentisl of the potential sweep

with sweep spred v and t . {5 the time when the sweep is

A
reversed), equation (12} can be changed to

> (%’Hh; 2,566 ti-qtonr S, w001 e

fecause species C is not electroactive, ite flux at x = 0 is

Always zeros

t>0,xs0: (3f¢
ox L,,' ° (1)

The system of partial diffecentlal equations (4)-{6) has to
be solved under the initial conditiona (7) and () and the
houndary conditions (9)-(11), (18) and (]9).

TRANSFORMATION INTO A DINENSIONLESS SYSTEN OF BQUATIONS

We have to transform this system of partial difterential
equations and the conditions under which it is to solve into a
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disensionless rorm. We use the followiny transformation L 133)
. C" = cc' =0
equations: {36
’ . PN (43
T=zat (20) T'>o, X=o: (3; =z - —:-) (358)
X = x/L (21 Lo xzo
crac, /e (22 -57—) =0 1350)
Ca = /¢, (23 R , Xzo
» ° 94 Y ~(+<)
=L, jc 240) ) (36)
¢ =Celen ¢ (3x )' 7w e [ or- o s el
¥ = Afo 125) Xo'f !
v« AfoD (26 vith
and
. exp &T) T'<T!
p = dlall ) S\rt) = *» T (37a)
: apl1-2T) Tl Te aT; 13701
where L is a distance from the electrode where no diffusion ]
DISCRETIZATION WITH ORTHOGONAL COLLOCATION
occury juring the simulation. Thus, the dimensionless system is !
|
a“. a:‘: . NOW we use orthogonal collocation to derive a system of
‘a—T‘;- = ﬂ TXT 128) . simultaneous ordinary differential equations from <ach of the
Py 3" three pacrtial differential equations (28)~(30). e fit the
€ (3
—5% = /S a—': -y(" (29 coefficients of a polynomial in c®(5.t) such that the
P . ‘x differential equations are fulfilled exactly at certain points.
»
e, 29 y 734 10 It has been shown that a very efficient collocation method can be
T X > t. (30)

X constructed if we use orthoconal polynoaials and if those points
under the conditions are the zeroes of the polynomial [§]. Furthermore, in this case,
T’-0,0‘ X¢1l: . the distance derivatives of the concentration at thess

=1 (31) *collocation points® ace given by [1,5,6]
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where the “l.j and 'I,j are matrix elements only dependent on the
kind and degree of the polynoeial chosen, A polynowmial of deqree
N has N roots in the open interval between zero and one and we
have to include the boundary points at x = 0 and x = 1. Thus,
the dummy variable ) varies from ) to N3,
Substituting the second decivatives with respect to =z in
equation (28) we get
(X2 3

dT' ﬁ 2357 A‘) (.") (=0)

where the sum can be expanded and the boundary conditions (1)) he
introdeced:

“A’ )

d‘l";,."s {BC,A"A'(QV')’Q.',.QO Z‘Qi‘: (xi,r')} wun
! "2

The concentration of species A st the electrode surface is not

known explicitly but may be derived from the boundary conditions
135) end (36). Using (38), equetion (3s) yields:

" ve3
ZA,,c‘(x,,r'): ZA‘ (xi’T' 1
’ll

<,(.,r).-c,(..r'1- = {Aw, ZA‘,c. Ry

~Nea (K31

v ,z,‘ Agjeglx ,',f')]

fquation (36) gives [again using (IN))
we) o) e}
EA L ")’1"' s, TG [T erIsTIe] oy,

or after expanaion of the sum, collection of the terms contalning
CAl0,T*) and solution for cp(0,T1: -~
-4 S ALl .u.‘-
eg 0[5, rie ‘«:ﬂﬁ st Uit
Y/ 5,0 ’e” tes)
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Equations (43) and (45) can be solved for cal0.T'):
'l VR S 0"~ Aga x
SO r - VR VAT

[Agn® i;l‘q' ‘:('i,ﬂ*%‘ sin'e" % Agi c,'(l" 7] t46)

Wow it is possible to substitute for cA(®,T') in equation (41)
and we tinally get

Be,a
41'1 'ﬁ[ A w;s,u'i‘o‘- RS, g '“*’]
[t s Laspnrs f_«.:.-h, - ‘b&""’l%w.ﬂ]

tam
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It follows from equation {29) n!ur insertion of ()9),
expanzion of the sum and introduction of the boundary conditfon
{34):
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Again, cjl0,T') may be calculated. If we insert (43) into (45)
we arrive at

[P .
Qe e e S ] :
{[A\.‘S (L e ZA”&.(!, (49 |

i
Y (%)

Vg °*"f~»-= *Zmicttian f |
w oCh may be substituted for cpl0,T') in equation (48), yielding !
the time derivative of the concentration of species B at the ;
callocation point. [
“ lﬁl{ 114 1] zll‘ !
WU A RS mre] |
[[A...’W&ﬂ’) 9‘“.] f‘i.cik','”‘ ”@ sm Aind » (s0) %
M'XAC,"A ,ﬂ]]f Z}t‘q(l‘,f')} uc' (':, ') ‘
TO express the l:oru.ponqu derivative for species C we insert I
(39) into equation (30), expand and usa the boundary condition :
134): |

[ \
-{5{3. ALl Z’lg' t'(x,t')} ¥ Ty !
' t5)) ,
!
The concentration of species C at the electrode surfacs (x = O} ?
may be derived from equation (315b) as :
. 4 wea ;
LMY= <=3 Ay 2lr; 1) e '

94 i:x
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and ysed to expruss the time dependence of c¢ flnally:

—'/'ﬁ ~ == ZA\. ‘éﬂ’l"’f Z’ U.‘."’}*l‘%’(m‘) (53
Ay e F2]

Bquations (47}, (50) and (53) define & eystem of } « N
ordinary differential equations which may be solved by computer
subroutines. We note the formali siailarity of these expressions
with the cocresponding equations desived for an IX mechsnims with
a reversible electron transfer reaction (2] under cyclic
voltammetric conditions. The equations derived hers for
quasireversible electron transfers may be used also for the
simulation of mors complicated slectrode reactions with sultistep
homogensous Teactions or reactions of the EBCE type by changing
the kinetic term li.e. f(c) in equation (1)} to the appropriate
expression. This makes the application of octhogonal callocation
espacially =asy once the basic equations foc a specific boundary
value problem have been derived and is one advantage of this
method.

CALCULATION OF THE CURRENT

The current through the working electrode is given by

A ) (54}
x= 0

We have shown (2], that Nicholson and Shain's curceat function

x(at) (9 can Le celated to the dimensionless quantities used in

o o o o e i o A v S .
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the transfocrmation equations {201-(24) by

. — _.._.L____ p[% .
at) AT :{'_r. (-J_X—)x,. $5)

Thes, calculation of § or jz(at) requires the calculation of
the first derivative of cjp with respect to X at the electrode
surface. This may be done from equation (36) using equations

(46) and (49). It follows 1

Hed '{?{' A IR ST B N g o]
Ble s,(ﬂ"“i“"cA,,.,o'};‘Mit: ;1 e
|/ - .
- Y@ ss\rre” 2 Avits 05,1')]}
™

OPTINIZATION OF THE DIMENSIONLE™® PARAMETER §

In the case of a reversidle electrode reaction it has been
shown that the value of the dimensionless parameter § has a
significant influence on the accuracy of the simulation {2).
Also, & method to optimize this value In terms of stability of
the solution of the differantial equation system hss been given
1oy,

Stacting with Relston’s etability criterion [11) for
nasming's predictor-corrector-integration method

Ac 065

— s
el
which relates the mesimus stapwidth of the inteqration h to the
asbsolute value of

- —— ST el .
13
2
L (5
y*© -9—e'—— (s8)

for equations of type (28-130), it {s possidle to calculate a
mazinum vaiue of 8 without causing instability of the solution,
Inequality (57) must be fulfiiled for all species and collocation
points, From equation (01‘" follows

4eal- ANE SAVF‘:%“‘FW wrel
(A VAR, 010" )AL # B )
In analogy equation (50) yields
‘, H (_ p IX) .
ALl YRS e LR s viter)
(&4'%3‘(1')"“'9"“']‘“ O]g.;} X (). . 2L

while equation 153) gives

. (59
cel,.. Ned

(60}

& '/"{’ %’i A 0‘3;,;} n

As in the case of a reversible electron transfer, we have to
make sure that (57) is fulfilled at the extreme points of a
possible acan, i.e. s‘('r'l -0 (T = f‘l”ﬂl and Sl(‘r'i -1 {r
- 0.

Inserting the corresponding expressions for ly tnto
inequality (57) would yield inequalities which are ditficult to
solve for 8. If we assume, however, that the scan starts at a
potential well betore the standard potentisl (which is the

general esperimental procedure) we can set

B R ~— - - - -
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>4 (62)
Thus, for a > O
<
b2 4
4 (63a)
and
9'(‘-"<<1 (63b)
Equations {59} and (60) reduce for S,(T) = 0 to
e .
‘y’/s{ A A '34] ta2,..., M4 164)
and
‘t:,4 .
;,:[S{— :-‘-A,.p Bt }-’k tal, .., Nv4a (65)
while for 5,(7') = 1
N .
‘y'/‘{' A 0‘3.-,;} (s, N A (66)

and

N /"{

Pinally stability is maintained if inequalities {(68)~(70)

\h 8" A\A’B.‘] -% (=2, M4 7

are tultilied

At Pt —

15
{22 "‘wn. g1
L 0.55' €2, M4 (69)
|ﬂ{—%‘::—~;.3;,~.]-1| )
= I STV

lF{A \/@gl‘d’l\‘,i}'.ll v

As pointed out for the reversible case [10], 8 has to be

chosen as large as possible to give reliable results.
RESULTS OF THE CALCULATIONS

Calculations using the theory derived above have been
pecformed on an Asdahl 470/v6 computer using a dialog program for
data tnput" Trial functions have been Legendte polynomials with
different degree N, Table ] showa the variation of peak
potential separation with N compared to the "reference® value
given by Nicholson [8). The inteqration atep width was 0.5 {(aV),
i.e. the simulated cyclic voltamsogram batween 0.0 and 0.) (V)
was constructed from 1200 data points. The cpu-tise needed for
different N is also given in Table 1.

For N > 9 the peak potential separation ia essentially the
Same as given by Nicholson, the difference being 0.5 (mV), i.e.

the same value as the integration step width. Ffor ssaller N LY

.
Coples of the progream which also containa other electrochesical
reaction models are available on request.

— R I .
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deviates considevably. The cpu-time, however, decreascs.
According to this vesult, all further simulations have been
pertformed with N « 9.
kinetic parameter ¥ which {s connected to Nicholson's

Table 2 shows variation of AE, with the

parameter Y 18] by

eyl

on

The mazimum deviation fram Kicholson's data is 1.5 (mV). a
very low value considering that 3B, the integration step width,
is 0.5 (mv). It should be noted here that Nicholson’s vatues ate
simulated as well, With spproximately 2.5 cpu-seconds needed for

1200 dats points, the program works fast and efticient.
CONCLUSION

The technigue of orthogonal collocation can be applied to
under po
™he equations describing the time dependence

tial

sinulate quasireversible electrode pr
sweep conditions.
of the concentration of al) species are formally very similar to
those derived tor reversible electron transfers. The
dimensionless pavameter 8 con be optimised in terms of stability
of the solution of the differential equation system. The
numerical results calculated for the “pure® quasireversible
electron transfer {(l.e. without homogeneous kinetic
complications) are very close to the reference values given by
Nicholson (8] end computed by a totally ditterent method.

The application of this work is obviously the interpretation

@ ——————— — A T ————————— —V— o — i = = = @ —— i e s - o e

- P D o e —

of more complicated electrode reaction mechanisms where
homngeneous chemical reactions are coupled to the quasiceversible
electron transfer. The expansion of the theory given here to
those casesa is, as usual in orthogonal collocation csliculations,
easily done. Simulation and comparison to experiments with real
substrates undergqoing complicated reaction sequences will be

shown in a further paper.

. A e ———
e
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Table 1. Simulations of a quasireversible electrode process with Table 2. Simulations of a quasireversible electrode processes by
polynomials of different degree N. orthogonal collocation, varlation nf o',
N aE, (an)d 0% W9 cpu-time (s} afp tav)® 3! o E,2) (my) a%D) (av)
[ 110.5 -0.4040 0.1989 1.92) 105 0.1772% 0.1 210.5 212
? 103.0 -0.4036 0.2272 2.044 105 0.441711 0.25 140.0 141
s 104.0 -0.4036 0.2357 2.169 108 0.6201% 0.35 120.5% 121
L] 104.5 -0.4036 0.2369 2.471) 105 0.88623 0.5 104.5 tos
10 104.5 -0.4036 0.2370 2.536 105 1.3291 0.7% 90.5 92
_____ 1.772% 1 8).o0 1.1
) This work, AZ = 0.5 (mv), ¥' = 0.88623. 3.5449 2 14.5 72
b) Nicholson, ref. (8], * =« 0.5 (¥ = 0,88623). 5. 1174 ) €7.0 P
7.0898 4 65.5 66
8.862) s 64.0 (11
10.6347 6 6€1.% (1]
12.4072 7 62.9% 63
35.4491 20 €0.0 61
a} This work, AE = 0.5 (mV), N = 9, les-£.1 = 0,14 (V).
b} Nicholson, ref. (8], |!‘-E‘| - 0.141 (V).
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